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Abstract: Consider the initial value problem for systems of cubic derivative nonlinear 
Schrodinger equations in one space dimension with the masses satisfying a suitable reso¬ 
nance relation. We give structural conditions on the nonlinearity under which the small 
data solution gains an additional logarithmic decay as t +oo compared with the corre¬ 
sponding free evolution. 
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1 Introduction 

Consider the initial value problem for the system of nonlinear Schrodinger equations of the 
following type: 

f CmjUj = Fj(u, d x u), t > 0, x e M, j = 1,..., N, , . 

\ Uj(Q,x) = <Pj(x), x e M, j = 1,.. N, 

where C mj = id t + i = V - 1, m j £ K.\{0}, and u = (uj(t,x))i<j<N is a C' v -valued 

unknown function. The nonlinear term F = (Fj)i<j<N is always assumed to be a cubic 
homogeneous polynomial in (u,d x u,u,d x u). Our main interest is how the combinations of 
(: m j)i<j<N and the structures of (. Fj)i<j<N affect large-time behavior of the solution u to 
(O). Before going into details, let us first recall some known results briefly and clarify our 
motivation. 
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One of the most typical nonlinear Schrodinger equations appearing in various physical 
settings is 


id t u + = X\u\ 2 u, t > 0, x G M (1.2) 

with A G M. What is interesting in (II.2p is that the large-time behavior of the solution is 
actually affected by the nonlinearity even if the initial data is sufficiently small, smooth and 
decaying fast as |x| —> oo. To be more precise, it is shown in [1] that the solution to 
with small initial data behaves like 

u(t, x ) = 4 =a(x/t)e i{ ^~ xla ^ 2 logt} + o{t~ 1/2 ) as Moo 
V it 

with a suitable C-valued function a{y). An important consequence of this asymptotic ex¬ 
pression is that the solution decays like 0(f -1 / 2 ) in L°°($L X ), while it does not behave like 
the free solution unless A = 0. In other words, the additional logarithmic factor in the phase 
reflects the long-range character of the cubic nonlinear Schrodinger equations in one space 
dimension. If A G C, another kind of long-range effect can be observed. Indeed, it is verified 
in [TB] that the small data solution to (1 1.2 j) decays like 0{t 1 / 2 (logt) 1 / 2 ) in L°°( R x ) as 
t — > oo if Im A < 0 (see also mi). This gain of additional logarithmic time decay should 
be interpreted as another kind of long-range effect. Among several extensions of this result 
(see e.g., 0, 0. HU, H3, [13j etc. and the references cited therein), let us focus on the 
following two cases: (i) the case where the nonlinearity depends also on d x u, and (ii) the 
case of systems. 

(i) Let us consider the single nonlinear Schrodinger equation 

id t u + ^ d 2 u = G(u, d x u ), t > 0, i6K, (1.3) 

where G is a cubic homogeneous polynomial in (u , d x u, u , d x u) with complex coeffi¬ 
cients, and satisfies the gauge invariance 

G(e ie v, e ie w) = e ie G(v, w), 6 e I, (v, w) e C x C. (1.4) 

According to 0 , the solution to (jl,3j) decays like 0(t 1//2 (logf) 1 / 2 ) in L°°(R X ) as 
t —> oo if 


supImG(l,i^) < 0. (1.5) 

£GR 

However, the approach of [3J does not work well in the case of systems, because this 
additional logarithmic decay result is a consequence of the explicit asymptotic profile 
of the solution u(t,x), which becomes no longer simple in the coupled case. 
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(ii) For nonlinear Schrodinger systems, an additional logarithmic decay result is first ob¬ 
tained by [5|. Strictly saying, two-dimensional quadratic nonlinear Schrodinger systems 
are treated in [5], but we can adopt the method of |5] directly to one-dimensional cu¬ 
bic nonlinear Schrodinger systems, as pointed in [9]. When we restrict ourselves to a 
two-component model 


f C mi ui = \ 1 \ui\ 2 u 1 +u 1 u 1 2 u 2 , 
\ C m2 U 2 = A 2 |m2| 2 M2 + V 2 U\, 


t > 0, x E R 


( 1 . 6 ) 


with Ai, A 2 , v i, v 2 E C and mi,m 2 E M\{0}, then the result of [5] can be read as 
follows: the solution to (11.611 decays like 0(f -1 / 2 (logf) -1 / 2 ) in L°°(R X ) as t —* oo if 


m 2 = 3m 1 , (1.7) 

Im Xj < 0, J = 1,2, (1.8) 


and 


KiUi = k 2 v 2 with some Kq, k 2 > 0 (1.9) 

(see Example 2.1 in |9j for the detail). The advantage of the method of [5] is that it does 
not rely on the explicit asymptotic profile at all. However, it is not straightforward to 
apply this approach in the derivative nonlinear case, because we need suitable pointwise 
a priori estimates not only for the solution itself but also for its derivatives without 
breaking good structure in order to apply the method of [5j. 

The purpose of this paper is to unify (i) and (ii). More precisely, we will introduce 
structural conditions on {Fj)\< 3 <N and (wj)i<j<at under which the small data solution to 
the derivative nonlinear Schrodinger system (11.11) gains an additional logarithmic decay as 
t Too compared with the corresponding free evolution. 

2 Main Results 

In the subsequent sections, we will use the following notations: We set /at = {1,..., N} and 
lx — {1,..., N, N + 1,..., 2iV}. For z = (zj)j G j N E C N , we write 

^ = (4)fce/« r := (W ■ • -,z N ,z!, ■■ ■ ,zn) e C 2N . 

Then general cubic nonlinear term F = (Fj)j G i N can be written as 

l 

F,(u,a x u)= Y. E 

h,h,h=0 k!,k 2 M^lN 
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with suitable G C. With this expression of F, we define p = (pj(£',Y))j G i N : 

RxC N ^C N by'’ 2 ’ 3 

i 

PAM- E E 

h,h,h=0 kifafoellf 

for £ G M and Y = (Yj) jelN G C N , where 

( m k — TV), 

fh k = l 

[ -m^ k _ N) (k — N + 1,..., 2 TV). 

In what follows, we denote by (•, -) c n the standard scalar product in C ^, i.e., 

N 

(z,w) C N = 

3 = 1 

for z = (zj) je i N and w = {wj)ja N e C^. 

Now let us introduce the following conditions: 

(a) For all j G In and ki, k 2l k 3 G P N , 

rrij ^ fh kl + m k2 + rh k3 implies = 0, Zi, Z 2 , Z 3 e {0,1}. 

(bo) There exists anA^xJV positive Hermitian matrix A such that 

lm(p(£;n^nc*<0 

for all (f, 7 )g1x C^. 

(bi) There exist an TV x TV positive Hermitian matrix A and a positive constant C* such 
that 

Im(p(e;E),Hy) c ^<-a|F| 4 

for all (f, Y) G R x C^. 

(b 2 ) There exist an TV x TV positive Hermitian matrix A and a positive constant C** such 
that 

hn(p(£;nny') c * <-CU(0 2 |11 4 

for all (£, Y) G M x C^, where (£) = y/l + £ 2 . 

(b 3 ) ; Y) = 0 for all (f, Y) G M x C N . 

To state the main results, we introduce some function spaces. For s, a G Z> 0 , we denote 
by H s the L 2 -based Sobolev space of order s, and the weighted Sobolev space H s,a is defined 
by {</> G L 2 | (x) a (ft G H s }, equipped with the norm ||</>||#s, CT = ||(a:) CT 0||/f S . The main results 
are as follows: 
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Theorem 2.1. Assume the conditions (a) and (b 0 ) are satisfied. Let p = {pj)j^i N £ D 
H 2 ’ 1 , and assume e := ||</?||#3 + II^IIh 2 ’ 1 is sufficiently small. Then (11.11) admits a unique 
global solution u = {uj)j & i N G C([0, oo); H 3 n H 2,1 ). Moreover we have 

Ce 

IKf)IU» < ^Y+t ' l|M(t)l,L2 - 

for t > 0, where C is a positive constant not depending on e. 


Theorem 2.2. Assume the conditions (a) and (b\) are satisfied. Let u be the global solution 
to (11.11) . whose existence is guaranteed by Theorem \2.1l Then we have 


\u(t)\\ L oo < 


Ce 


V( 1 + t ){ 1 + £2 lo g( 2 + ^)} 

for t > 0, where C is a positive constant not depending on e. We also have 

lim ||w(t)|| i 2 = 0. 

t —^-|-oo 

Theorem 2.3. Assume the conditions (a) and fa) are satisfied. Let u be as above. Then 
we have 

\\u{t )\\ L 2 < - f = 

\A + £ 2 log(2 + t) 

for t > 0, where C is a positive constant not depending on e. 


Theorem 2.4. Assume the conditions (a) and (b$) are satisfied. Let u be as above. For 
each j G In, there exists p~I G L 2 (R X ) with (pi G L°°(R^) such that 

Uj(t) = e 2 ™i dx <p1f + 0(t _1/4+<5 ) in L 2 (R X ) 

and 

= .P W 

as t —> +oo, where 5 > 0 can be taken arbitrarily small, and denotes the Fourier transform 
offi, i.e., 

0(0 = - 7 = [ e~ iy t<j)(y)dy. 

V 27 r J k 

Remark 2.1. In view of the proof of Theorem 12.41 below, we can see that p + = (<p1f )jei N 
does not identically vanish if the initial data p is suitably small and does not identically 
vanish (see Remark 16.11 for the detail). Therefore the solution does not gain an additional 
logarithmic decay under the conditions (a) and (b^). 
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Now let us give several examples which satisfy the above mentioned conditions: 

Example 2.1. In the single case (i.e., N = 1), we may assume mi = 1 without loss of 
generality. Then we can check that the condition (a) is euqivalent to the gauge invariance 
(II.4|) . and that the condition (jl.5j) is equivalent to the condition (bi). Therefore our results 
above can be viewed as an extension of [3] except the explicit asymptotic profile of the 
solution. We can also see that our results cover the system (11.61) under the assumptions 
(11.71) . (I1.8[) . (11.91) . Indeed, (1 1. 7[) plays the role of (a), and (1 1. 8 p . (11.91) correspond to (bi) with 

-(o :> 

Example 2.2. Next let us consider the following two-component system 

f C m ui = Ai|«i| 2 wi + X 2 ui(d x u 1 ) 2 + iu 2 d x (u 7 2 ), 

\ jC 3m u 2 = X 3 \u 2 \ 2 d x ii 2 - i(\u 2 \ 2 + \d x u 2 \ 2 )u 2 - iu\d x ui 

with Ai, A 2 , A 3 6 C and m 6 M\{0}, which is a bit more complicated than (1 1. 6 p . It is 
easy to check that the condition (a) is satisfied by this system. Also it follows from simple 
calculations that 

f Pl (f; Y) = (Ai - A 2 m 2 a|W| 2 Yi + 2 rn£YiY 2 , 

\ p 2 (t; Y) = i(3X 3 m£, - 1 - 9m 2 e)\Y 2 \ 2 Y 2 + 3 m£Y*. 

With A = ^ V we have 

(p(e; Y), AY ) C2 = 3(Ai - A 2 m 2 £ 2 )|W | 4 - 2i(l - 3A 3 m^ + 9m 2 £ 2 )|r 2 | 4 + l2m£Re(Y[ 3 Y 2 ), 


whence 

Im(p(£; y), AY)c 2 = 3(lmAi-ImA 2 m 2 e 2 )|W| 4 


2 - 


(Re A 3 ) 2 
2 


+ 2 



Re A 3 
2 




Therefore we see that 


• (b 0 ) is satisfied if Im Ai < 0, Im A 2 > 0 and | Re A 3 | < 2. 

• (bi) is satisfied if Im Ai < 0, Im A 2 > 0 and | Re A 3 | <2. 

• (b 2 ) is satisfied if Im Ai < 0, Im A 2 > 0 and | Re A 3 | < 2. 

Example 2.3. Finally we focus on the three-component system 

{ C m ui = u 2 d x (v~ x u 2 ), 

jC m u 2 = upEid x u 3 + 3 upu 3 d x ui, 

C 3m u 3 = 2 u\d x u 2 - u 2 d x {u\). 

We can immediately check that this system satisfies (a) and (b 3 ). Note that this exam¬ 
ple should be compared with [3], where the null structure in quadratic derivative nonlinear 
Schrodinger systems in M 2 is considered in details (see also 0. ®, USD- 
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The rest part of this paper is organized as follows: The next section is devoted to prelimi¬ 
naries on basic properties of the operator J m . In ScetionO we recall the smoothing property 
of the linear Schrodinger eqautions. In Section [5J we will get an a priori estimate. After 
that, The main theorems will be proved in Section [6j The appendix is devoted to the proof 
of technical lemmas. In what follows, we will denote several positive constants by the same 
letter C, which is possibly different from line to line. 


3 Preliminaries 


In this section, we collect several identities and inequalities which are useful for our purpose. 
We set J m — x + i—d x for non-zero real constant m. Then we can check that [d x , J m \ = 1 
and [£ m , J m ] = 0, where [-, •] denotes the commutator of two linear operators. We also note 
that 

J m <l>=-e im £d x (e- im £(i>), (3.1) 

m 

which yields the following useful lemmas. 

Lemma 3.1. Let m, /i\, p 2 , h 3 be non-zero real constants satisfying m = Hi + /i 2 + h 3 - We 
have 

■U/1/2/3) = ~(J n h)hh + -W m h)h + 

m m m 

■U/.AM = ~{J K h)hh + —W K h)h + -hh(T^h), 

m m m 

MfJJl) = —(J n h)7Jl + -fiCrgj~ 2 )T 3 + -hhmj 3 ), 

m m m 

JmOThE) = -(X^ 7 T)M + —hWUiih + —hh (X^A) 

m m m 

for smooth C-valued functions fi, / 2 and f 3 . 

Proof. We set 9 = x 2 /{21). It follows from (13.1(1 that 

mJ m {hhh) = i)(e-^ 2 7 2 )(^/ 3 )} 

= (ite^ d d x (e-^ 6 fi))hh + fi (iteWd t (e-*» 9 f 2 j)T 3 - /,./ 2 (ite-Wd^e^h) 

= (PlJ t i 1 fl)f2f3 + ,/'l (h2 'fia f'2 ) fi + flf2(fJ‘3J-n 3 f3), 
which gives the second identity. The other three identities can be shown in the same way. 

□ 


Remark 3.1. If we do not assume m = /.q + /i 2 + /i 3 , we have 

hi / T £ n n n , h 2 


Jm(flf2f3) 


hi + h2 + h3 
1 


it 


(Jfi 1 fl)f2f3 + 
1 


m 


hi + h2 + h3 


hi + h2 + h3 

^(/l/^/s): 


/l(^2/2)/3 + 


h3 


hi + h2 + h3 


/l/2(<4t 3 /3) 
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and so on. The last term implies a loss of time-decay in general. (The situation is worse if 

hi + h2 + h3 = 0.) 

Lemma 3.2. Let m, fi 1? /i 2 6e non-zero real constants. We have 

d x {fif2f 3 ) = — {d x fi)f 2 f 3 + — (3.2) 

hi t 

and 

= —(4/i)(4/ 2 )/3 + (3.3) 

hlh2 t 

where R { = -imJ m (fif 2 f 3 ) + im(J m f 1 )f 2 f 3 and 

2 ■ 2 
? 777 7 777 

7?2 = _ [(9 x /i)/ 2 /3] H- ipxfi){J ll2 f 2 )f 3 + d x R 3 . 

hi hi 

Remark 3.2. We do not assume any relations among /xi, ji 2 and m in Lemma [3.21 
Proof. From the relation —d x — J m = ij, we see that 

— d x (fif2f 3 ) — —J m (fif2f 3 ) = ijhhf 3 = (—dxfi — —J/jLifi] f 2 ,/'. 3 1 

m it t \ni it J 

which yields (13.21) . We also have (13.3(1 by using (13.2(1 twice. □ 

Next we set 

(U m (t) 4 >)(x) := e‘^(x) = 

for m e IR.\{0} and t > 0. We also introduce the scaled Fourier transform T m by 

(j- m 0)(O := 3gn( ” l) J ,e~ im *<t>{y)dy, 

as well as auxiliary operators 

(M m (t)f)(x) := e im ^(j)(x), (V(t)<f>)(x) := -^=<j> (j) , W m {t)(j> := T m M m {t)7fff), 

so that U m can be decomposed into U m = = M. m T>yV m fF m . The following 

lemma is well known (see e.g., [I], [13]). 

Lemma 3.3. Let m be a non-zero real constant. We have 

U - MmVTmU- 1 ^ Hi- < Ct- 3 / 4 (\\f\\ L 2 + \\J m< f >\\ l2 ) 

and 

II^IIloo < r 1 / 2 ||IU~ + Ct-^rni^ + \\j m (j>\\v) 


for t > 1. 














Proof. For the convenience of the readers, we give the proof. By the relation J m = lAmxU .^, 
we see that 

H^nZCVlIni < C 1 IIZCVIIho.1 < C( ||0||l 2 + ||J- m 0|U 2 ). 

Also it follows from the inequalities ||0||l°° < a/ 2 11011 11 11 x,a 2 and \e l9 — 1| <C\9 1 1 / 2 that 

ii (w* 1 - miL~ < cuMi 1 - i)jf m vi^ 2 ii4(wy - imi^ 2 

< c(r 1/a n^vn«o,i) 1/a hs^iiF 

< Ct-^U\\ H 1. ( 3 , 4 ) 

Combining with the inequalities obtained above, we have 

110 - MmVFJA-^h- = II M m V(W m - 1) FJA-^Wl- 

< t~ 1/2 \\(w m - i)j- m zcviu«» 

< cr^H^cVllffi 

<cr 3 / 4 (|| 0|| L 2 + 11 ^ 011 ^). 

Using the result derived above, we also have 

||0||z,°° A WAim'DJ- mW m 1 0||L 00 + ||0 — Aim^J 7 irM^^L 00 

< r^WAjA-^WLoo + C't- 3/4 (||0|| L 2 + ||j- m 0|U 2 ). 

□ 


Lemma 3.4. Let m be a non-zero real constant. We have 

||-F m W~ 1 (/i/ 2 /3)||L°° < C'11/l 11 Z. 2 11 /211 i 2 11/ 3 11 ^oo. 

Proof. By the relation AmUff = and the estimate ||W“ 1 0 ||loo < Ct 1/,2 ||0||ii, 

we have 

ll^nM^ 1 (/i/2/ 3 )lli» < « 1/2 ||C- 1 A 4 - 1 (/ 1 / 2 / s )|U. 

< « 1/2 • r 1 ||(D- 1 / 1 )(®- 1 / 2 )(®- 1 A 4 - 1 / 3 )|U. 
<cr 1 / 2 ||u- 1 / 1 |U 2 ||u- 1 / 2 |U 2 ||i>- 1 A 4 m 1 / 3 |U« 

— ct 1/2 ||/i|U=||/ 2 ||i= ■ ^ 1,/2 ||/3|U“ 

= /l IIL 2 || 021| L 2 || 031| L 00 • 


□ 

We deduce the following proposition from Lemmas I3.1H3.41 which will play the key role 
in Section 15.21 
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Proposition 3.1. Suppose that the condition (a) is satisfied. For a C N -valued function 
u = (uj(t,x)) jelN , we set afit ,£) = .F mj .[W mi (*) _1 Uj(*, ■)](£) <™d a = (afit, f)) j&lN . Then 
we have 


Fid 


-1 


d l x Fj(u, d x u) 


(im^y 


■Pj(& 


a. 


C 


N 


— ^5/4 'y ^ (ll'^fc(^) || H 3 + II Jm k u k(t) \\h 2 ) 


k =1 


for j G In, l € {0,1, 2} and t > 1. 

Proof. For simplicity of exposition, we treat only the case where Fj = (d x ui)(d x u 2 )(d x u 3 ) 
with nij = mi — m 2 + m 3 . The general case can be shown in the same way. 

We set atf* = {imkff) s dk for s G Z> 0 , so that 


9> k = U mk F-y k s) = M mk VW mk at\ d s x W k = 


mk J -rrik^k 


Remark that 


Pj(f\a) = (imi£)(-im 2 £)(im 3 £)aia 2 a3 = 


Now we consider the simplest case l = 0. By the factorization of U m . and the condition 
m = mi — m 2 + m 3 , we have 




(M mi VW mi a ( 9)(M. m2 VW^ m2 a ( 9)(M m3 VW m3 a ( 9] 


= -VV -1 

t mj 

1 _ , 1 

= 7 m £;°0 + 7 r 0’ 


{^rnA\W. m2 a^W rn3 4 ) ) 


t 


t 


where 


(W mi aP)(W^ m2 a^)(W m3 4 ] ) 


(i) (i) (i) 

— «i a 2 «3 • 


r 0 = yv~] 

Since we can rewrite it as 

r 0 =(W- 1 - 1) \(W mi a^W^ m2 a?)(W m3 a { 9)] + {(W mi ~ 


+ al 1} {(W_ m2 - lJaf’jKaf 1 ) + a?a { 9 {{W m3 - l)^}, 

we can apply (13.4|) and the Sobolev imbedding H 1 ( R 1 ) ‘-G L 00 ^ 1 ) to obtain 

I l °° < C , fo 1 ^ 4 ||wi||H2||n 2 ||_ff2|l' u 3||ir 2 - 


Next we consider the case of / = 1. By (13.21) with m = mj, /1 = mi, /1 = <9 x ni, / 2 = d x u 2 , 
f 3 = d x u 3 , we have 


m 


<9 x Fj = — {d 2 x u 1 )(d x u 2 ){d x u 3 ) + 

mi t 


(3.5) 
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where 


R\ = — irrijj ., 




(d x ui)(d x u 2 )(d x u 3 ) + 

By applying Lemma 13.11 to the first term and using Lemma 13.41 we see that 

HijUrn-:^ 111X/°° <C||J m ia xU i|U a ||^ 2 ||^||^«3||z«» 


Jmz d x U2\\i?\\d x uz\\ L °o 

~\~ C | \d x li\ 11^2 || d x Vj2 1| L°° || || L 2 

C ^ 3 

— jT /2 Edl^H- II Jm k u k\[H^) i 


k =1 


(3.6) 


where we have used the inequality ||0 ||l°° < Ct _1 ' /2 ||0||^ 2 || and the commutation 

relation [d x , J m ] = 1 in the last line. As for the first term of (13.51) . similar computations as 
in the previous case lead to 


.A m lAr. 


-1 


m jmj 


(d x ui)(d x u 2 )(d x u 3 ) 


-1 


(W mi a S 2) )(W_ m2 4 1) )(W m3 4 1) ) 


= -W 

t 

i ( 2 ) (ly (i) . n 
= -a\ «3 + y, 


where 


n = 


{WmA 2) )(W_ TO2 4 1) )(W m3 4 1) ) 


(2) (1) (1) 
oq «2 «3 . 


This can be estimated as follows: 

IMIloo < C , fT 1/4 ||<9 a; Wi|| hA\ u ‘z\\hA\ u 3\\h' 2 - 

Moreover, we observe that 

imjt; s n^j imi€ (i) oT (i) m j 1 ( 2 ) (TJ ( 1 ) 
■Pj{q] a) = —--a) ’ a\ ’a\ — - '~ A ; ~ A ' 


t mi t 

Piecing them together, we arrive at 

2777 , •£ 

F m .Mrn 3 d x F 3 - —p. Pj fc a) 


m\ t 


Qf-j^ 0^2 0^3 




1 

t 

c 


m, 


r l + FmMrruR 


mi 


■j my 


— y (J| r l|U°° + ll*^ 7 ’mjU rr ^.Ri^L°°) 
c ^ 

- f5/4 E(ll n fc(^ ')\\h 3 + II Jm k U k (t, -) lli^l) 3 , 

k =1 


as desired. Finally we consider the case of l = 2. By (13.31) with m — rrij, fi\ — mi and 
/i 2 = — m 2 , we have 


= -- 


Ro 


(d x ui)(d%u 2 )(d x u 3 ) + —, 
mim 2 t 
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where 


R.2 = 


im. 


m i 


■Jnrij 


urn 


(d I x u l )(d x u 2 ) ( d x u 3 ) H-- (d x ui)(J m2 d x u 2 ) ( d x u 3 ) 

J mi 


iin ] d x J rr ,. J [{d x u, ) {d x U‘ 2 ) (^.x'U. 3 )] inijd x [(JmidxUi s j(d x u 2 ')(d x u 3 ')\ . 

As in the derivation of (13. 6p . we see that 

C 3 


•Fmj^-rrij F 2 || L°° ^ j-1/1 ^ 1 ( ll^fc || H 2 A || Jm^k || H 2 ) 


fc=l 


Similarly to the previous cases, we can also show that 

1 


•F 


-1 


m j mj 


{d x ui)(d%u 2 )(d x u 3 ) 


= -W 

. ' v i 


-i 


t 




-mim 2 ( inij £) 


m- 


f Pj(£\ai) + j, 


where 


r 2 = W, 


-l 


(W mi af ) )(>V_ TO2 4 2) )(>V m 3^ 1) ) 


( 2 ) ( 2 ) ( 1 ) 
a} erg ag . 


Note that 

11^2IIZ/°° <Ct 1 ^ 4 ||5 x mi||//2||c} x M2||//2||m3||^2. 

Therefore we have 

c ° 

— -fiF ^ -)IIh 3 + II Jm k Uk(t, * ) 11 2 ) , 

k =1 

which completes the proof. □ 

4 Smoothing effect 

In this section, we recall smoothing properties of the linear Schrodinger equations. As is 
well known, the standard energy method causes a derivative loss when the nonlinear term 
involves derivatives of the unknown functions. Smoothing effect is a useful tool to overcome 
this obstacle. Among various kinds of such techniques, we will follow the approach of j2j. 
Let FL be the Hilbert transform, that is, 

nj ,( \ 1 f ^(v) J 

FLip(x) — p.v. / - ay. 

7T J RX-y 


<k 

t 


f 2 || L°° + 


■F,„ U,„ II 


2 II L° 
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With a non-negative weight function $(x) and a non-zero real constant m, let us also define 
the operator S^ >m by 


:= \ coshl / $(y)dy I > ip(x ) — isgn(m) < sinh 


$(y)dy > Htp(x 


Note that S$ >m is L 2 -automorphism and that both ||S'$ im ||x, 2 _ > . L 2 , HS^^Hl 2 -^ 2 are dominated 
byCexpdl^lUi). This operator enables us to gain the half-derivative \d x \' 2 . More precisely, 
we have the following: 


Lemma 4.1. Let m, /^i,..., hn be non-zero real constants. Let v be a C -valued smooth 
function of (t,x), and let w = {wj)j & i N be a C N -valued smooth function of (t,x). We set 
$ = rj{\w\ 2 + \d x w\ 2 ) with rj > 1, and S = Then we have 


d 

dt 


\\Sv(t)\\ 2 L ^ 


1 

m 


$(t,x) S\d x \ 1/2 v(t,x) 


2 

dx 


< 2 


(Sv(t),SC m v(t)) L2 


+ CB(t)\\v(t)\\ 2 L 2 , 


where 


B{t) = e CriM ^ l y\\w{t)\\ 2 w ^ + rj 3 \\w(t)\\ 6 w i l00 + y IKWIMlA^fcWIU 1 
l fce/jv 

and the constant C is independent of y. We denote by W s, °° the L°°-based Sobolev space of 
order s G Z> 0 . 


This lemma is essentially the same as Lemma 2.1 in [2], although we need slight modifi¬ 
cations to fit for our purpose. For the convenience of the readers, we will give the proof of 
this lemma in the appendix. 

By using Lemma 14.11 combined with the following auxiliary lemma, we can get rid of the 
derivative loss coming from the nonlinear terms. 


Lemma 4.2. Let m 1; ... , be non-zero real constants. Let v = ( Vj)j e j N , w = (■ Wj)j e i N be 
C N -valued smooth functions of x G M. Suppose that qij k and Q 2 ,jk are quadratic homogeneous 
polynomials in (w,d x w,w,d x w). We set 4> = y(\w\ 2 + \d x w\ 2 ) with y > 1, and S = S<s>( t ,-),m 
with 77 > 1, and Sj = for j G In- Then we have 


j,k£l N 


"y ^ ( | {Sj v j j Sj (qi ,jkd x Vk) ) L 2 1 + | ( SjVj , Sj ( q2,jkd x Vk ) ) 


L 2 


< — e Cr l\\ w \\ 2 H i 

V 


[ $(x) S k \d x 

k£l N > ' R 


1/2 


V k (X 


dx 


+ Ce CvlHl Hi (l + ?7 2 ||w||^i + 7/ 2 |M|^i,oo) ||u’||^ / 2.oo||u|| 2 2, 


where the constant C is independent of y. 
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We skip the proof of Lemma 14.21 because this is nothing more than a paraphrase of 
Lemma 2.3 in [2J. 


5 A priori estimate 


Let T G (0, +oo], and let u = (uj)i<j<iv G C([0,T);i / 3 D i/ 2,1 ) be a solution to (11.11) for 
t G [0, T). As in Section [3l we set aj(t,£) = T mj (£), a(t,£) = £)) jelN , 

and define 

E(T) — sup V (1 + t)~3 (lluji^Wns + \\J m u j (t)\\ H 2 '\ + sup((£) 2 |a i (t,£)|) 

o <t<T — v v ' 


jei N L 


£SR 


with 7 > 0. The goal of this section is to show the following: 

Lemma 5.1. Assume the conditions (a) and (b 0 ) are satisfied. Let 7 G (0,1/4). There exist 
positive constants e\ and K such that 


E(T) < s 2/3 


(5.1) 


implies 


E(T) < Ke, 


provided that e = < e\. 

The proof of this lemma will be divided into two parts. 

5.1 L 2 -estimates 

In the first part, we consider the bounds for ||uj(t)||tf 3 and \\J mj Uj(t)\\H 2 - It is enough to 
show 

1 

E E HA“i( ( )lly ^ Ce + C£ 2 (! + i ) 7/3 (5.2) 

jeiN 1=0 

and 

E E l|S 3 -'4v(*)lly < Ce\ 1 + () 27/3 (5.3) 

je/jv 1=0 

for t G [0, T) under the assumption (15.If) . First we remark that (15. ip implies a rough H 1 - 
bound 

\Wj(t)\\ H i < C\\aj(t)\\ H o,i <c(f sup ((0 2 |«i(t,0l) < Ce 2/3 (5.4) 

\J m \k) J 
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for t e [0, T). We also deduce from (15.11) that 

Ce 2 ' 3 

KWH w2 ’°° - (! + t y/2 

for t e [0,T). Indeed, it follows from Lemma [3.31 and the relation \d x , J mj \ = 1 that 

C C Ce 2 / 3 

11^^)11^2,00 < ^sup|(0 2 a i (t,0l + W (\Mt)\\H> + \\J mj Uj(t)\\ m ) < — r j r 


for t > 1, and H 1 ( R 1 ) L°°(M 1 ) yields ||wj(t)||vy 2 ,oo < C\\uj(t)\\ H 3 < Ce 2 / 3 for t < 1. 

Now we consider the easier estimate (15.21) . It follows from the standard energy method 
that 


d 

dt 


\uj(t )\\ L 2 < \\Fj(u(t),d x u(t ))\\ L 2 
p 2/3 ' 2 


< c 


(i + ty/* 


• Ce 2 ' 3 


< 


Ce 2 

1 + t 


Also we see from Lemma IQ that 

£"rrij Jrrij'U'j ^ ^ "h 0.2,jk^m^x^k H” 03,jk^m^^k H” O^jkJm^^k^ ? 


k£l]\f 


where qi,jk, ■ ■ ■ ,Q 4 ,jk are quadratic homogeneous polynomials in (u,d x u,u,d x u). Then the 
standard energy method again implies 

d £<£.2 

< C < ||'u|| l yi,oo ^ ^ (IIw/cIIh 1 + II Jm^k^H 1 ) Ci q £\l_7/3 ' 
fce/jv ' ’ 


These lead to (15.2|) . 

Next we consider (15. 3|) . We set Vji = d 3 ~ l J l m .Uj for l e {0,1} and 3 e We apply 

Lemma [4.11 with m = m,,-, /i*. = ro^, u = Vji , w — u, rj — e ~ 2 / 3 . Then we obtain 


where 




-S , j|9 a .| 1/2 Uj { (t) 


drc 


< 2 


(SjVji, S jd 3 l J l Fjfad^))^ +CB{t)\\v j i{t)f Vi , 


(5.5) 


5(f) 



Ce 2 ' 3 

< - . 

1 -b t 


r 2 / 31 




iy 2 '°° 


+ £ 


-21 


U 


|6 

IW 1 -' 


+ £ 2/3 ^ \\u k \\ H i\\F k (u,d x u)\\ H i 


ZcE/jV 
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To estimate the first term of the right-hand side of (15.51) . we use Lemma [3.11 and the usual 
Leibniz rule to split dP~ l J l m .Fj(u,d x u) into the following form: 

^ ^ dijkidx^ki T @2jkidx'Vki^j T hjii 

k£.I]y 


where fji.jki and g 2 .jki are quadratic homogeneous polynomials in (u, d x u, u, d x u), and hji is 
a cubic term satisfying 


Ce 2 


IIMU 2 < C \\u(t) ||^2,oc ^(,\\Uk(t)\\H3 + \\Jm k Uk(t)\\ H 2 ) < ^1-7/3 ' 

keI N ^ + ’ 

Then Lemma [4.21 and the L 2 -automorphism of Sj lead to 

X I ( S 3 V 3 1 ’ S i d l^ lj m j F M <M)j 


' L 2 


jG/jv 


< 


j,kei N 


^ ^ ( K(dl ,jkl9x^kl^) ) j^2 | T | ( F jVjh Sj ij)2,jkl^x^kl) } 


L 2 


j€/jv 


< Ce 2/3 e^ l|tt||flrl X / $(t,x) 5'fc|9 x | 1/2 r;fe;(t, x) 

fce/iv ■'* 




+ Ce^ ll <' (1 + £- 4/3 ||u||^ + £ _4/3 ||m 


4 / 3 lb/IImp 4 / 3 II„II^ oo )|| m ||^ 2 oo ^ l\v kl \\ 


2 

L 2 




+ Ce^ slM » 1 Y IMMIMU 2 

tG/jv 


<C 0 e 2/3 Y [ $(t, x )\S k \d x \ 1/2 v kl (t,x)\ 2 dx+ . C£ - 27/ 3 
fce/jv l 1 

with some positive constant Cq not depending on e. Summing up, we obtain 


jeI N k£l N V \ k\y JR 


®(t,x) S k \d x \ 1/2 v k i(t, x) 


dx 


Ce S/3 C£ 2/3 


< 


(l + t) 1 " 2 ^/ 3 1 + t 

Ce 2 


■ (ce 2/3 (i + ty /3 y 


(l + t)!-27/3’ 


provided that 


2C 0 e 2/3 < 


min \m k \ 

l<k<N 


Integrating with respect to t, we have 


XI W^M^Wl 2 < Ce 2 + Ce 2 { 1 + f) 27/3 < C£ 2 (l + f) 27/3 , 
jei N 
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whence 


£ £ Iie'4“j( i )lli= S e c '- 1,s 'i“<‘>"i> £ £ HSj^Wlli, < CE (i + i) 2l/3 , 

ie/jv 1=0 j&iN 1=0 

as required. 


□ 


5.2 Estimates for aj 

In the second part, we are going to show (£) 2 |a(t,£)| < Ce for (t, £) 6 [0,T) x R. under 
the assumption (I5.1|h If t e [0,1], the Sobolev imbedding yields this estimate immediately. 
Hence we have only to consider the case of t e [1, T). We set 

Pj(t, 0 = FmU-) [Fj(u, d x u)] - jPj(b a(t, 0 ) 

and p = ( Pj)jei N , so that 

id t Oij(t, 0 = Fm : U m \ [CmMj] = TmU-) [Fj ( U , d x u)} 

= ^Pj(.&OL(t,Z)) + p j (t,Z). (5.6) 

By Proposition 13. 1 1 we have 


C_ 

c 

W 


\pj(t,o\ < t^EK^)^(u)| 

1=0 
2 

£ F m ,U-)[^ x F j (u,e,u)\ 


(irrijZy 


Pj(b<x(t,Q) 


1=0 

C C f / rn\ P 3 

5 w ' ** ( E(T)iI 

Ce 2 

< 


(0 2 t 5 / 4 


-7 


for t > 1 and (gK, which shows that Pj(t, £) has enough decay rates both in t and £. Now 
we put z/(£, £) = \J(a(t,£), Aa(t, £)} c n, where A is the positive Hermitian matrix appearing 
in the condition (bo). Remark that 

< V«*| a(t,£)\, 


where k* and k* are the smallest and largest eigenvalues of A, respectively. It follows from 
(b 0 ) that 

dtv{t,Q 2 = 21m (id t a(t,g),Aa(t,£)) c rr 

= j ; a(t, £)), Aa(t, £)) c n + 2 Im(p(t, f), Aa(t, £)) c n 

< 0 + C\p{t,£)\v(t,£), 
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which leads to 


< KhO + C 



I p{r,£)\dT < 


Ce Ce 2 dr 

W + WJi 


< 


Ce 


- ( 0 2 


Therefore we have 

(0 2 Mt,0\<c(0Mt,0<Ce, 

as required. 


□ 


6 Proof of the main theorems 

Now we are in a position to prove Theorems 12.11 - 12.41 


6.1 Proof of Theorem 12.1 

First let us recall the local existence theorem. For fixed i 0 > 0, let us consider the initial 
value problem 

f jCmjUj = Fj(u, d x u), t > to, X el, j G I N , / g ^ 

\ Uj(t 0 ,x ) = ^j(x), x G M, j G I N - 

Lemma 6.1. Let if = (ifj)jei N € H 3 D H 2,1 . There exists a positive constant e 0 , which is 
independent oft 0 , such that the following holds: for any e G (0, e 0 ) an d M G (0, oo) 7 one can 
choose a positive constant r* = t*(e,M), which is independent oft 0 , such that (16.111 admits 
a unique solution u = ( uf)j & i N G C([t 0 ,to + r*]; H 3 n H 2 - 1 ), provided that 


IIV’lliT 1 < £ and 


i=o jei N i 


< M. 

H 3-l 


We omit the proof of this lemma because it is standard (see e.g., Appendix of [4] for the 
proof of similar lemma in the quadratic nonlinear case). 


Now we are going to prove the global existence by the so-called bootstrap argument. Let 
T* be the supremum of all T G (0, oo] such that the problem (11.11) admits a unique solution 
u G C([0,T); H 3 C\ H 2,1 ). By Lemma ItTTl with t 0 = 0, we have T* > 0 if ||</?||#i < e < e 0 . We 
also set 

T* = sup{r G [0, T*) \ E(t) < e 2/3 }. 

Note that T* > 0 because of the continuity of [0, T*) E(r) and |M|//3 n #2,i = e < \e 2//3 

if e < 1/8. 

We claim that T* = T* if e is small enough. Indeed, if T* < T*, Lemma [5711 with T = T* 
yields 

E(T*)< Ke < ^ 2/3 
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for e < e 2 min{e 1 ,l/(2 K) 3 }, where K and £1 are mentioned in Lemma 15.11 By the 
continuity of [0, T*) E 5 t hg- E(t), we can take T b G (T*,T*) such that E(T b ) < £ 2 / 3 , which 
contradicts the definition of T*. Therefore we must have T* = T*. By using Lemma [5711 with 
T = T* again, we see that 


EE ll J m 3 -%(V)llff3-! < Ke(l+t)%, 

1=0 jei N 



< K£ 


for t G [0, T*). In particular we have 


sup 

te[o,r*) 


u{t)\\m<C sup ((0 2 |K*>0l) < C b e 

(t,Oe[0,T*)xR v ' 


with some C b > 0. 


Next we assume T* < 00 . Then, by setting e 3 = inin{£ 2 , £o/2 C b } and M 
we have 

1 


sup 

iG[0,T*) 


EEii4“j( ( -')iiff- 

z=0 j'S/jV 


< M 


K^l+T*)^ 3 , 


as well as 


sup \\u(t)\\ H i < e 0 /2 < e 0 
te[o,T*) 


for £< £ 3 . By Lemma 16.11 there exists r* > 0 such that (11.11) admits the solution u G 
(7([0, T* + t*); H 3 fi H 2,1 ). This contradicts the dehnition of T*, which means T* = +00 for 
£ G (0,63]. Moreover, we have 


IK*) IILa < C SUp | (OK*, 01 < Ce - 

£eR 

By using Lemma [3.31 and the inequality obtained above, we also have 

C C Ce 

\Uj(t,x) I < ^|%(*,0I + ^TlOk'WIU 2 + Pm.Ujit)^) < 

for t > 1 and j G In- This completes the proof of Theorem 12.11 □ 


6.2 Proof of Theorems 12.21 and 12.3 

The proof of Theorems 12.21 and 12.31 heavily relies on the following lemma due to |6j. Note 
that special cases of this lemma have been used previously in [5] and less explicitly. 

Lemma 6.2 (j6j). Let Co>0,Ci>0,p>l and q > 1. Suppose that T(f) satisfies 


dt 


(*)< 


^|T(f)P> + 


Ci 

t q 
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for t > 2. Then we have 


*(*)< 


Co 


(log 

for t >2, where p* is the Holder conjugate of p ( i.e1/p + 1/p* = 1), and 

p *-i 


C2 — 


P 


C oP 


(log 2 ) p -^( 2 ) + 


Ci 
log 2 


(log r) p * 


r 9 


dr. 


With (eR fixed, we set T(t) = (a(£, £), Aa(t, £))c N , where A is the positive Hermitian 
matrix appearing in the condition (bi). Then we deduce from (15.61) that T satisfies 

< =^|a(i)|‘ + c|p(i,oiK«,f)| < |^, (t) |2 + _ 0 _ 

for t > 2 , where C* is the positive constant appearing in the condition (bi) and k* is the 
smallest eigenvalue of A. We also have T( 2 ) < C\a( 2 ,f)\f < Ce 2 {f)~ A . So we can apply 
Lemma [6.21 with p = 2, g = 5/4 — 7 to obtain 


a(t,0\ 2 <C^(t)< 


1 

(logt) 2 " 1 




< 


C 

log t 


From Lemma 13.31 it follows that 

C C 

\Uj(t,x)\ < ^ 172 ^ 1^(^01 + ^(IM^IU 2 + 

C Ce 

~ [t log t) X / 2 + t3/4- 7 /3 

c 

~ (tlogt) 1 / 2 ’ 


for t > 2, x G M and j e 7^. On the other hand, we already know that |w(t, x)| < 
Ce( 1 + t) _1//2 for t > 0. Hence we arrive at 


(1 + t)(l + e 2 log(t + 2))\u(t, x)\ 2 < Ce 2 


for t > 0, which implies the desired pointwise decay estimate. By the Fatou lemma we also 
have 

limsup 11 Qjj-(7) 11^2 < / lirnsup \aj(t, l/)\ 2 df = 0 , 

t —^-|-oo ,J t —^+oo 

which leads to decay of ||«j(£)||L 2 as t —* + 00 , as stated in Theorem 12.21 
Under the stronger condition (b 2 ), we have 


dT 

dt 


(*)< 


-2C„(Z) 2 /kI 

t 


W )| 2 + 


Ce 3 
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for t > 2. Therefore Lemma [6.21 again yields 


hu) r< 


i 




+ 


Ce< 


< 


C 


whence 


logt \2C„(£) 2 (£) 4 / (0 2 logt’ 

C 


K*)IU 2 = IH*)IU 2 < C'sup((£)|a(t,OI) < 


yflogt 


for t > 2. This yields Theorem 12.31 □ 

6.3 Proof of Theorem 12.41 

For given S > 0, we set 7 = min{5,1/5} G (0,1/4). Remember that we have already shown 
that 

rv rv 2 

for t ^ 1, ^ G M and j G -/^tv ■ Those estimates allow u.s to define — (o 2 v e L 2 n L°° 
by 

poo 

a j~(0 '■= atj(l,£) - i J pjit'iQdt'. 

On the other hand, the condition (b 3 ) and (15. 6 1) lead to 

aj(f,0 = ~ i Pjit'jQdlf, 

whence 

/ OO 

||Pi(^, •)IU 2 nL°°^ / < C'e 2 t _1/4+7 . 

Now we set p t := J 7 ~ja^. Then we have 

||%(/) IdrrijPj ||L 2 ll^" 'mjMjnjUjit) J~ m j ( Pj \\l 2 

= \\ a j(t) — «+IU 2 

< C'£ 2 f 1/4+7 . 

By Lemma 13.31 and the inequality obtained above, we also have 

W u j(t) rhl m :j ^ J~m ;j P j III / 00 

< ||%(t) - M m pj r mj Um) U i( t )\\L^ + || M mj T>(a j ( y t) ~ CK + )|| L oo 

< C , t _3/4 (||u i (t)|| L 2 + II J mj Uj{t)\\ia) + Ct~ l/2 \\a j {t) - a+|| L oc 
< Cet~ 3/4+7/3 + CeH -V 2 -V 4 +^ 

< Cet ~- 3/4+5 


for t > 1. 


□ 
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Remark 6.1. We put <pj = e'lpj with r iJ J j ^ 0 and s' E (0,£*], where e* > 0 is chosen suitably 
small so that Theorem 12.41 is valid. Then we can check that the corresponding <pP satisfies 


Wp^Wl 2 = ||o+|| L 2 > e'UV'ilU 2 - C*(e'Y 


with some C* > 0. Therefore does not identically vanish if s' < min{e*, y/IIVhlU 2 /^*}- 


A 


Proof of Lemma 


El 


In this appendix, we shall give the proof of Lemma 14.11 in the similar way as Section 2 of [2] 
with slight modifications. We first state the following useful lemma without proof, which is 
a special case of Lemma 2.1 of [2 j . 

Lemma A.l. We have 


\d x \ 1/2 ,g 


f 


L 2 


+ 


I o x \ 1 / 2 n,. 


f 


L 2 


< C , ||fi , l|M/ 1 >°°||/IU 2 - 


Proof of Lemma f.l\ As in the standard energy method, we compute 

\-fff \\ Sv \\ 2 L 2 = Im (C m Sv, Sv ) L 2 = Im (SC m v, Sv ) L 2 + Ini^[£ m , S]v, Sv^ 


L 2 


We also note that 


[C m , S'ju = —7-r'LS'l^lu + Q, 


\m\ 


where 


Q = -^—® 2 Sv - —^—(d x <t>)SPLv + sgn(m) 


2 m 


2 m 


d t $(t,y)dy SPLv 


Remark that \d x \ = PLd x = d x PL. PL 2 = —1, and that PL is L 2 -bounded. Now we set 
wp = d l x Wk for l E Z> 0 . Then, since 


d t $ = 2 ? 7 ^ ^2 


1=0 k£l N 


2r ^Yl Im { + % c »' w *) w k ) 

l —n UczTt, v \ r'k / 


1=0 kelN 


d x 


= 2 r] 


1=0 k£l N 


2 H'k 

1 


(d x w^)w^ + \d x wl ] \ 2 + (& x C IMk w k )w < j' ) 


= 2r >J2J2 lm { 

1=0 k£l N ^ 

J2 lm l d A~ww( d ^ w k ) ) w k ) ) + i&xCnWkWk \ > 


I V 2/ifc 
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we see that 


d t $(t,y)dy 


= 2y 


J2 J2 Im 

1=0 kEljsr 


2/ifc 


(d x w^)w^ + f (d l x £^ k w k )w^dy^ 


< ^||w;||^2,00 + ^2 \\£»k w k\\HA\ w k\\my 


/cG/jv 


Therefore we obtain 


d 

dt 



+ i—r Re( < f>S1<9Jn, Sv) l 2 < 2\{S£ m v, Sv)l 2 \ + CBi(t)\\Sv\\ 2 T 2 , 
\m\ 1 1 


(A.l) 


where 


Bi{t) = e CmLl (ll^lli* + II^^IIloc + ^11^11^/2,00 +V^2 IIA^fclMkfclltf 1 )- 


Next we observe that 

w^S\d x \v = w^SdxHv 

= d x (w^SHv) + [w^S, d x \Hv 


— — \d x \ 1 ^\d x \ 1 ^ 2 'Hw { 2 > Sl-Lv + [w^S,d x ]'Hv 
= \d x \ 1/2 (w^S\d x \ 1/2 v) + [wl ] S,d x \Hv - \d x \ 1/2 \d x \ 1/2 'H,w% ) S 


Hv, 


which leads to 

(w { 2s\d x \v,w^Sv) L2 =(w^S\d x \ 1/2 v, \d x \ 1/2 (wf Sv)) l2 + ([w^S, d x \Hv, w^Sv) l2 

- (\ L \d x \ 1/2 U,wl ) S]Hv, \d x \ 1/2 (w^Sv) 

S\d x \ l I 2 v 


L 2 


L 2 


+ Xki, 


where 


X k i =(w { l ) ) S\d x \ 1/2 v, [\d x \ 1/2 ,w^S]v\ + ([w^S^d^Uv^w^Sv 


l 2 


L 2 


l[\d x \ l/2 B,wf S]Uv,wf S\d x \ 1/2 v) - ( \d x \ 1/2 'H,w ( j) ) S]'Hv, [\d x \ 1/2 ,w% ] S]v 


L 2 


L 2 


By using Lemma [A. 11 we can see that all the commutators appearing in X k i are L 2 -bounded 
and their operator norms are dominated by 


B 2 (t) = Ce c I'^OMI W 2 >°° T ||tc||w 1 ' 00 || < ^||L° 0 )- 
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Hence we obtain 


V$s\d x 


|V2, 


L 2 


Re( < f>S'|<9 a; |u, Sv) 


L 2 


= w k s \d x \ 1/2 v (w^S\d x \v,w^Sv) 

1=0 kei N ' 

^ S r l\ Xkl \ 

1=0 Jc(E:In 

1 

< Cr,B 2 [t) J2 E ||'”i' ) 5|a 


L 2 


W .QI Ft I 1 / 2 


i=o fceijv 


< - 

- 2 


V^5|a a 


V2, 


L 2 
2 || „,||2 


v\\ L2 +Cr}B 2 (t) \\v\\ L2 


L 2 


+ Cr]B 2 (t) \\v\\ L 2 , 


where we have used the Young inequality in the last line. Therefore, 

- Cr]B 2 {t) 2 \\v\\ 2 L 2 . 


T ^Re<$S|0Ju,S , u) L 2 > V$S\d x \ 1/2 

\m\ 


\m\ 


L 2 


(A.2) 


From (1A.1I) and (IA.2[) it follows that 


d ll^lli 2 + A ^S\d*\ l/2 v \ < 2\(SC m v,Sv) L 2\ + C(B 1 (t) + v B 2 (t) 2 )\\Sv\\ 2 L 2 . 

™ L 2 


dt 


m 


Finally, by using ||$|| L i < Crj\\w\\ 2 Hl , ||$||l°° < Cr]\\w\\ 2 wl ^ and ||( 9 x <f)|| L oc < C'r 7 ||w||^ 2i00 , we 
have 


Bi(t) + rjB 2 (t ) 2 <Ce CvM ^ \ji 2 \\w\\wi,°° + tjWwW^oc + \\^^k w k\\m\\ w k\\m 

k£l jy 

+ Crje (||ry ||^ 2 ,c>o + Cri 2 \\w\\wi,°°) 

<Ce Cr]llwll H' ^||iu||^-2,oo + '7 3 |HIiU°° + v ^2 


/cG/iv 


which yields the desired conclusion. 
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